The interaction between acoustic breathing modes and optical Mie resonances in a spherical particle made of a chalcogenide glass material is investigated by means of rigorous calculations, correct to any order in the acousto-optic coupling parameter. Our results reveal the occurrence of strong effects beyond the linear-response approximation, which lead to enhanced modulation of light by acoustic waves through multiphonon exchange mechanisms when both photons and phonons have a very long lifetime inside the particle.
I. INTRODUCTION
The vision of compact miniaturized optical components and cirquits has fueled active, intensive research on the modulation and control of light. Several proposals based on two-photon absorption of free carriers in semiconductors, 1, 2 or nonlinear materials where the refractive properties can be controled electro-optically or thermo-optically 3, 4 have been reported. On the other hand, carefully engineered optical modes like waveguide, slow-light, or cavity modes are often used to achieve enhanced nonlinear phenomena. [5] [6] [7] [8] [9] Light modulation by acoustic phonons through the so-called acousto-optic (AO) interaction has been used for several decades now in optical systems. Acoustic waves with frequencies in the MHz range are usually generated by piezoelectric transducers, while much higher frequencies can also be achieved through heating by a femtosecond pulsed laser. 10 An acoustic wave causes a modulation of the material optical response in two ways: through the motion of the interfaces (interface effect) and through the change of the refractive index (bulk effect). In the interior of a homogeneous material, only the bulk AO effect, which depends on the corresponding AO coefficients that describe the influence of the local stress field on the refractive properties, is appropriate. On the contrary, in nanostructured materials with large surface areas like slot waveguides and slabs, the interface contribution alone seems to explain the observed effects and has been exploited to achieve efficient coupling of mechanical oscillations with light. This proved very fruitful leading to applications such as cooling of mechanical oscillators toward the quantum regime 11 and optomechanically induced transparency, 9 with impact in both fundamental and applied physics. In the general case, however, both interface and bulk AO effects need to be considered.
Light modulation was used to study acoustic phonons, from GHz up to THz frequencies, in periodic multilayer structures through pump-probe techniques, [12] [13] [14] while the effect of cavity resonances, either optical or both optical and acoustic, in such structures has also been considered. 5 Strong AO interaction can result from simultaneous localization of the elastic and electromagnetic (EM) fields and careful design of their overlap. 15 Therefore dual phononic-photonic cavities were fabricated by semiconductor multilayers to explore the influence of the simultaneous localization of the fields in the same region of space on the AO interaction. 12, 16, 17 In a recent study of the AO interaction in a Si/SiO 2 multilayer structure, it was suggested that simultaneous localization of photons and phonons in a resonant cavity could trigger multiphonon absorption processes. 18 Similarly, generation of cascaded vibrational modes was reported through optically induced mechanical vibrations of a simultaneously optical and acoustic wispering-galery-mode (WGM) resonator. 19 Stimulated Brillouin scattering could be enhanced by increasing the AO interaction but, due to the requirement of frequency and momentum matching, 3 it is hard to be detected in cavities and WGM resonators. 20 On the other hand, strong optomechanical coupling was also demostrated on slab waveguides and nanobeams for telecom frequencies and sound from MHz up to GHz frequencies. 21, 22 In this paper, we investigate spherical dielectric particles that exhibit simultaneously optical and acoustic resonances as potential candidates to enhance the AO interaction and achieve strong modulation of light through excitation of their acoustic eigenmodes. More specifically, we consider a spherical particle made of a chalcogenide glass material, subjected to excitation of its acoustic breathing modes by a femtosecond visible light pulse, and monitor the modulation of the optical scattering cross section over a broad wavelength range in the nearinfrared region. Our work is motivated by recent experimental studies of the elastic properties of homogeneous 23, 24 and coated 25, 26 metallic nanoparticles in a dielectric matrix. A similar technique to probe changes in the reflectivity under a femtosecond laser pumping was also reported for layers of Au-capped polystyrene spheres. 27, 28 It is worth noting that in contrast to recent studies of optomechanical coupling in WGM resonators, where the optical modulation is accounted for by changes in the resonator shape, 19, 29 in the present work, we consider a system where the interface effect is less important and the occurring phenomena are mainly due to the bulk AO effect.
II. OPTICAL EXCITATION OF ACOUSTIC MODES
We consider a spherical particle with radius R = 500 nm, made of the amorphous chalcogenide glass a-As 2 S 3 , in air. The fabrication of such spherical chalcogenide glass spheres of varying diameter coupled to a Si waveguide was recently demonstrated. 30 The specific glass material was chosen because it is characterized by two AO coefficients which are almost equal to each other. This implies an isotropic change in the refractive index of the strained material, which greatly facilitates the theoretical description. Moreover, the high refractive index of a-As 2 S 3 also helps to obtain an enhanced bulk AO effect.
In Fig. 1 , we display the optical absorption spectrum of the particle under consideration in the optical region, calculated using the experimental refractive index of a-As 2 S 3 , 31 which decreases smoothly from about 2.8 at 500 nm to about 2.5 at 1050 nm. It can be seen that below 550 nm, there is a progressive increase in the absorption cross section, because of the corresponding increase of the imaginary part of the dielectric function. The distinct peaks in the absorption spectrum are related to the absorption of Mie resonant modes. Therefore, if we illuminate the particle with a laser beam below ∼550 nm, a considerable amount of energy will be absorbed and transferred to phonons. As shown in Fig. 1 , at these wavelengths, the EM field penetrates throughout the particle and is more or less homogeneously distributed. It is then plausible to assume that ultrafast heating of the particle by a femtosecond laser beam induces a homogeneous thermal stress and triggers radial mechanical vibrations about the new equilibrium position. The corresponding displacement field has the form U(r,t) = U (r,t)r, where U (r,t) satisfies the equation of motion
and the associated stress dyadic takes the form σ (r,t) = σ rr (r,t)rr, where
with the mass density ρ = 3.08 gr/cm 3 , and the longitudinal and transverse sound velocities c l = 2685 m/s and c t = 1436 m/s, respectively, of a-As 2 S 3 . We are searching for time-harmonic solutions of Eq. (1), in the form
The time-independent equation satisfied by u(r) constitutes for a free particle, a Sturm-Liouville problem with boundary conditions u(r = 0) = 0, σ rr (R) = 0, and weight function w(r) = r 2 . The corresponding eigenfunctions u n (r) = j 1 ( n r/c l ), n = 0,1, . . . , with the spherical Bessel function of first kind and order one j 1 32 and the corresponding angular eigenfrequencies n , form an orthonormal basis set of acoustic breathing modes, which can be used for the expansion of any radial displacement field.
When the particle is embedded in air (ρ = 0.00123 gr/cm 3 , c l = 340 m/s, c t = 0), the eigenfrequencies n become complex due to leakage of the acoustic field in air. Of more importance are the dissipative losses in the particle, which become dominant in the GHz region. These losses can be taken into account assuming frequency-dependent complex velocities: (1 − iαf )c l and (1 − iαf )c t for the longitudinal and transverse elastic waves in the particle, respectively, with f = /2π and a typical value of α = 10 −4 GHz −1 .
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The initial radial displacement field is a time-independent solution of Eq. (1) that vanishes at the origin and thus takes the form −u 0 r/R, where u 0 is the appropriate amplitude and the minus sign denotes initial compression from the equilibrium state. 34 Due to this initial displacement the particle will start to vibrate and the corresponding radial displacement field can be written in the form
with the expansion coefficients c n evaluated by projecting the initial displacement field onto the acoustic breathing modes of the particle. The projection of the initial displacement field onto the first five (n = 0-4) acoustic breathing modes is shown in Fig. 2 . The eigenfrequencies f n and corresponding lifetimes τ n of these modes are given in Table I .
III. ACOUSTO-OPTIC EFFECTS
The spherical geometry of the problem under study greatly simplifies the analysis of the AO interaction. The strain field associated with a spherically symmetric acoustic displacement field, described by Eq. (4), takes the form
where a,b = 1,2,3 denote cartesian components. This strain field induces a change in the dielectric tensor δ of the material which, for small strains, i.e. in the linear regime, is given by
where and r are the dielectric tensors of the strained and unstrained (reference) material, respectively, and p abcd are the Pockels elasto-optic coefficients. 35 For an amorphous material, e.g., a polycrystalline or amorphous solid, p 2222 = p 3333 = p 1111 ≡ p 11 and p 1133 = p 2211 = p 2233 = p 3311 = p 3322 = p 1122 ≡ p 12 , i.e., there are just two independent Pockels coefficients. In the particular case of a-As 2 S 3 p 12 ∼ = p 11 (=0.25), 36 which implies an isotropic change in the refractive index of the strained material given by
where n r is the refractive index of the unstrained a-As 2 S 3 . We note that in our calculations the maximum strain level never exceeds 1%, which is below the material limit. Besides the change in the refractive index, the strain field induces a change in the size of the particle. In order to accurately describe these two effects in the given spherical particle, we divide it into N shells. The ith shell has an external radius R i and an average refractive index n i (=n r for the unperturbed particle). Under the influence of an acoustic field, these quantities vary in time as follows
and
IV. INELASTIC LIGHT SCATTERING
The time variation of the EM field in the presence of an acoustic field can be described in the quasistatic approximation. Let us consider the variation of the optical scattering cross section. We assume a plane monochromatic EM wave, of angular frequency ω and wavevector q in air, of the form E(r,t) = e[E 0 exp[i(q · r − ωt)], incident on the given particle. Such a plane wave can be expanded into regular vector spherical waves, 37 with appropriate multipole coefficients a 0 P lm , where P = E or H denotes electric or magnetic polarization, respectively, and l = 1,2, . . . , m = −l, . . . ,l are the usual angular momentum indices. Correspondingly, the scattered field can be expanded into outgoing vector spherical waves. The expansion coefficients of the scattered field, a + P lm , are given in terms of a 0 P lm through the corresponding T matrix, which is diagonal in P lm and independent of m (T P lm;P l m = T P l δ P P δ ll δ mm ) because of the spherical symmetry of the scatterer: a + P lm = T P l a 0 P lm . For multishell spheres, the scattering T matrix can be calculated numerically using an efficient recursive procedure. 38 The optical scattering cross section, defined as the total power scattered by the particle per unit incident flux averaged over a period of the EM wave, is given by
In the presence of the AO interaction, the refractive index varies very slowly compared to the period of the EM wave [see Eq. (7)], since ω/2π ≈ 300 THz. Therefore, we can describe the scattered field by introducing multipole coefficients, a + P lm (t), which exhibit an accordingly slow time variation and thus can be assumed to be constant over a period of the EM wave (quasi-static approximation), leading to a time-dependent scattering cross section
To begin with, we assume excitation of the fundamental (n = 0) breathing mode only and neglect losses, since the lifetime of the mode is very long compared to its time period. In this case, the vibration of the particle is periodic, with a frequency f 0 (see Table I ). Therefore, the multipole coefficients of the scattered field also oscillate periodically in time with the same frequency f 0 and thus can be expanded into a Fourier series
The optical response of the particle under consideration exhibits in the near-infrared region a number of transverse electric (TE) and transverse magnetic (TM) Mie resonances, 39 as shown in the upper diagram of Fig. 3 . For reasons explained above, the acoustic wave field induces a quasi-stationary perturbation in the optical response of the particle through the AO effect [Eqs. (8) and (9)] and, as a result, the whole optical scattering spectrum oscillates in time, with more or less the same amplitude (wavelength or frequency variation, see the insets of Fig. 3 ). Subdividing the particle into N = 40 shells we accurately describe these effects with a relative error less than 10 −4 . In the lower panel of Fig. 3 , we show in more detail the change in the frequency ω of two specific Mie resonances: TE 7 with a high quality factor Q = 1480 at 769 nm and TM 4 with a low quality factor Q = 21 at 1021 nm. Strong photon-phonon interaction is expected if both light and sound have long lifetimes in the particle. The maximum frequency variation of a Mie resonance is proportional to the acoustic field intensity in the particle, i.e., the number and the lifetime of phonons. However, in order to compare the variation of the two Mie resonances, it is appropriate to consider the frequency shifts multiplied by the respective photon lifetimes τ ∝ 1/γ . Large-amplitude oscillations of ω/γ in the bottom diagrams of Fig. 3 are related to simultaneous localization of photons and phonons for a long time in the particle, which leads to strong AO interaction. As discussed above, one can clearly identify two distinct contributions in the AO interaction: the change in the particle radius and the change in the refractive index of the material. The calculations show that, in our case, the latter is about 95% of the whole effect for both the high-Q TE 7 and the low-Q TM 4 optical modes and, therefore, inelastic light scattering (ILS) is mainly due to the bulk AO interaction. The percentage of the bulk AO contribution depends on the shape of the optical and acoustic modes involved. Low-order Mie resonances and acoustic breathing modes overlap strongly within the whole volume of the particle and, for particles with large AO coefficients, give rise to a pronounced bulk AO effect. For a micrometric As 2 S 3 particle, low-order Mie resonances appear in the near-infrared region. In contrast, higher-order optical modes are localized close to the particle surface. This is similar to WGM resonators and optomechanical coupling observed in particles with diameters of hundreds of microns, where the size variations appear to provide the dominant contribution. 19, 29 Shrinking the particle size down to the micron scale shifts WGM to short wavelengths, where absorption dominates. Using materials that combine high refractive index with strong AO coefficients allows for enhanced AO effects even in submicron particles. The AO interaction causes a temporal variation of the optical properties, measured directly by pump-probe timeresolved techniques and consequent ILS measured by Brillouin or Raman experiments. The change in the scattering cross section, σ sc (t) ≡ σ sc (t) − σ 0 sc , induced by the AO effect in the high-Q TE 7 mode and the low-Q TM 4 mode is displayed in the upper diagrams of Fig. 4 . In the case of strong AO interaction, which leads to large-amplitude oscilations of ω/γ (bottom left diagram of Fig. 3) , there are abrupt changes of the scattering cross section with time, as shown in the top left diagram of Fig. 4 . On the contrary, if the AO interaction is relatively weak and the oscilations of ω/γ have a small amplitude, the scattering cross section shows a slow variation with time, as depicted in the top right diagram of Fig. 4 . To determine the ILS spectrum, we consider the average scattering cross section σ sc calculated over a period of the acoustic wave
where σ (n) sc corresponds to the scattering cross section associated with the nth ILS process, which involves absorption or emission of n phonons by the photon. We note that σ
sc , for given n; this is why in the lower diagrams of Fig. 4 , we show the relative intensity of σ (n) sc for n > 0. When strong ILS takes place, the scattering process is not linear in the AO coupling parameter and many terms are needed in the expansion of the scattered field which, in the particle picture, implies strong probability amplitudes for multiphonon absorption and emission processes (see bottom left diagram of Fig. 4) . On the other hand, when either the phonons or the photons have not long enough lifetimes, the corresponding Fourier spectrum is essentially dominated by the first-order terms (see bottom right diagram of Fig. 4) , which is the behavior expected in a usual pump-probe or Brillouin/Raman scattering experiment where single-phonon processes are involved and expansion up to first order in Eq. (12) is sufficient (Stokes and anti-Stokes components). The partial scattering cross sections shown in the lower diagrams of Fig. 4 in the frequency domain are appropriate to an ILS experiment. We note that these are not obtained through a Fourier transform of the time-dependent scattering cross sections shown in the upper diagrams of Fig. 4 , which are appropriate to a time resolved experiment. Recently, the excitation of cascaded vibrational modes was measured, and multiple Stokes lines and third harmonic generation were reported in optomechanically coupled WGM resonators. 19 The multiphonon processes analyzed in our case lead to similar effects.
Our analysis so far focused on the fundamental breathing mode which has the longest lifetime (see Table I ). However, for short enough times, just after the elastic excitation, more eigenmodes are active. Moreover, due to elastic damping the variation of the optical spectrum is not periodic. In this case, the Fourier transform of a + P lm (t) takes the form
with
and, similarly to Eq. (13), we define
The time evolution of the scattering cross section, after launching of an initial radial linearly increasing displacement field following a homogeneous thermal excitation (see Fig. 2 ), is shown in the upper diagrams of Fig. 5 for the TE 7 and TM 4 Mie resonances. Attenuation is rather weak, so that the elastic vibration survives several periods. This is different compared to metallic nanoparticles with diameters of a few nanometers, reported recently. 23, 26 For long enough times, only the fundamental breathing mode survives, while all other modes decay. Using a time window of 200 ns, comparable to τ 0 , to evaluate the integral of Eq. (15) we obtain the ILS spectrum (bottom diagrams of Fig. 5 ) which exhibits three main peaks at f 0 , 2f 0 , and 3f 0 (see Table I ) for the high-Q Mie resonance due to multiphonon interactions with the fundamental acoustic breathing mode, while for the low-Q Mie resonance there are only single-phonon interactions with the fundamental acoustic breathing mode. These results indicate that it is difficult to obtain a clear picture of the AO effect from the time variation of the optical cross section, while the ILS spectra justify our initial analysis of the AO interaction based on only the fundamental acoustic breathing mode. It should also be noted that, even if there are deviations from an initial homogeneous thermal excitation, the analysis based on only the fundamental acoustic breathing mode is still approximately valid, as long as this mode provides the major contribution in the expansion of the initial displacement field.
V. CONCLUSIONS
In summary, we provided evidence for strong nonlinear AO effects in dielectric particles that support, simultaneously, acoustic and optical localized resonant modes. These effects, which can lead to efficient, enhanced modulation of light with sound through multiphonon exchange mechanisms, have been demonstrated on a specific example of a spherical particle made of a-As 2 S 3 . We described the excitation of acoustic breathing modes following ultrafast heating of the particle by an incident laser beam and analyzed the differences in the AO interaction between high-Q and low-Q optical resonances providing a consistent interpretation of the underlying physics. The fact that the acoustic wave is triggered by an incident light wave allows for an all-optical modulation of light mediated by phonons. It is important to note that the effects discussed here are not restricted to the specific particle size and shape, to the extent that it exhibits high-Q Mie resonances, or to the assumption of a homogeneous thermal excitation. The mechanism is expected to be more efficient at optical and near-infrared frequencies using micrometric particles of a high-refractive-index material that support low-order, high-Q Mie resonances, and have large AO coefficients.
